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Abstract. The aim of this article is to present an elementary 
proof of a global existence result for nonlinear wave equations in 
an exterior domain. The novelty of our proof is to avoid completely 
the scaling operator which would make the argument complicated 
in the mixed problem, by using new weighted pointwise estimates 
of a tangential derivative to the light cone. 



1. Introduction 

Let Q be an unbounded domain in R^ with compact and smooth 
boundary dQ. We put O := R^ \ Q, which is called an obstacle. This 
paper is concerned with the mixed problem for a system of nonlinear 
wave equations in Q : 

(1.1) {d"} -cfA)ui = Fi{u,du,V^du), {t,x) G (0, oo) x Q, 

(1.2) u{t,x) = 0, {t,x) e {0,oo) X dQ, 

(1.3) u{0,x) = e(f){x)^ {dtu){0^x) = eip{x), x e il, 

for i = 1, . . . , A^, where Ci {1 < i < N) are given positive constants, 
u = (mi, . . . , Mat), £ is a positive parameter and -0 e C^(f2;R^), 
namely they are smooth functions on Q whose support is compact in Q. 
We assume that Fi{u, du, Vx du) is a smooth function vanishing to first 
order at the origin. Besides, do = dt = d/dt, dj = d/dxj (j = 1,2,3), 
A = ^j=iC?|, VxU = {diu,d2U,d-iu) and du = (dtUjVxu). In the 
following we always assume that 

.^ dFi OF. dFi 

(1.4) - ^ - 



d{dkdeUj) d{dkdiUi) didAuj) 

holds for I < i, j < N and 1 < k, i < 3, so that the hyperbolicity of 
the system is assured. 
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First we consider the single speed case (i.e., ci = C2 = ■ ■ ■ = cn = 1) ■ 
If we suppose in addition that quadratic part of the nonhnearity Fj 
vanishes, then it was shown in Shibata - Tsutsumi [27j that the mixed 
problem fll.ip - fll.3l) admits a unique global small amplitude solution. 
Otherwise, in order to get a global existence result, we need a certain 
algebraic condition on the nonlinearity in general, due to the blow- 
up result for the corresponding Cauchy problem obtained by John [8] 
and the finite speed of propagation. One of such conditions is the 
null condition introduced by Klainerman [2] (see Definition 1.1 be- 
low). Under the null condition, Klainerman [2] and Christodoulou 
[2] proved global solvability for the Cauchy problem with small initial 
data independently by different methods. This result was extended to 
the mixed problem by Keel - Smith - Sogge [T2] if the obstacle O is 
star-shaped, and by Metcalfe ^20j if it is non-trapping (for the case of 
other space dimensions, we refer to [27], j^). 

Next we consider the multiple speeds case where the propagation 
speeds Q (1 < z < N) do not necessarily coincide with each other. 
Metcalfe - Sogge [23] and Metcalfe - Nakamura - Sogge [211 [22] ex- 
tended the global existence result for the mixed problem to the multi- 
ple speeds case with more general obstacle as we shall describe later on 
(see [15], [21], [T7], [9], and [11] for the Cauchy problem in three space 
dimensions; see also [5] for the two space dimensional case). 

The aim of this article is to present an alternative approach to these 
works which consists of the following two ingredients. One is the usage 
of space-time decay estimates for the mixed problem of the linear wave 
equation given in Theorem 14.31 below, which directly give us rather 
detailed decay estimates 



for [t, x) G [0, oo) X Q. These estimates are refinement of time decay 
estimates obtained in the previous works for the mixed problems. In 
this way, we do not need the space-time estimates which has been 
adopted in the works [121 [201 ED [221 [23] • 

The other is making use of stronger decay property of a tangential 
derivative to the light cone given in Theorem 14.41 below. This idea 
is recently introduced by the authors ^U\, where the Cauchy problem 
is studied, and it enables us to deal with the null form without using 
neither the scaling operator tdt+x-Vx nor Lorentz boost fields tdj+Xjdt 
(j = 1,2,3). In this paper, we will adopt this approach to the mixed 



(1.5) 




(1.6) 



\dui{t,x)\ < Ceil + \x\)-\l + \cit - \x\\) 



-1 
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problem, and treat the problem without using these vector fields. In 
contrast, the scaling operator has been used in the previous works, and 
it makes the argument rather complicated because it does not preserve 
the Dirichlet boundary condition (11. 2p . Recently Metcalfe - Sogge [21] 
introduced a simplified approach which enables us to use the scaling 
operator without special care, but their approach is applicable only to 
star-shaped obstacles, and they assumed that the nonlinearity depends 
only on derivatives of u. 

In order to state our result, we need a couple of notions about the 
obstacle, the initial data and the nonlinearity. 

We remark that we may assume, without loss of generality, that 
O C -Bi(O) by the scaling and the translation, where Br{z) stands for 
an open ball of radius r centered at 2; G R'^. Hence we always assume 
O C Bi (0) in what follows. 

Throughout this paper, we denote the standard Lebesgue and Sobolev 
spaces by L'^{Q) and H"^{Q) and their norms by || ■ : L^(f2)|| and 
II ■ : if'"(fi)||, respectively. Besides, -f^o(^^) is the completion of C^(fi) 
with respect to || ■ : if"'^(f2)||. 

Definition 1.1. (i) We say that the obstacle O is admissible if there 
exists a non-negative integer I having the following property : Let v G 
C°°([0, 00) X f2; R) be a solution of the homogeneous wave equation 
{dj — (?A)v = in [0, 00) x Q, with some constant c > and the 
Dirichlet condition, whose initial value {v{0,x),{dtv){0,x)) vanishes 
for X G R'^ \ Ba{0) with some a > 1. Then for any b > 1 we have 

(1.7) 5^||a"i;(t):L2(f]ni?,(0))|| 

|o|<l 

< Cexpi-at) (||t;(0) : H'+\n)\\ + ||(9it;)(0) : H\m, 
where C and a are positive constants depending on a, b, c and Q. 

(ii) We say that the initial data (0, tp) satisfies the compatibility con- 
dition to infinite order for the mixed problem (II. II) - (11.31) if the (formal) 
solution u of the problem satisfies {dtu){0,x) = for any x G dfl and 
any non-negative integer j {notice that the values (c^m)(0, x) are deter- 
mined by (0, ■0) and F successively; for example we have d^Ui{0,x) = 
£c^^A0i + Fi(e0,e(V', V^0),eV^(V', V^0)), and so on). 

(iii) We say that the nonlinearity F = (Fi, F2, . . . , Fjy) satisfies the 
null condition associated with the propagation speeds (ci, C2, . . . , c^r) 
if each Fi {I < i < N) satisfies 



(1.8) 



F}'>i\,V{fi,X),W{u,X)) = 
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for any X, jj,, u E Aj and X = {Xq, Xi, X2, X3) G satisfying Xq = 
cf{Xf + X| + where Pf^ is the quadratic part of Fi, and 

K = {(Ai, A2, . . . , Xn) e R^; Xj = zfcj ^ d}. 

Here weputV{fi,X) = {Xafik- a = 0, 1,2,3, k = l,...,N), W{u,X) = 
{XjXaUk ■■ 3 = 1,2,3, a = 0,1,2,3, A: = 1,..., AT). 

We often refer to fll.7p as the local energy decay. We remark that 
when O is non-trapping, the estimate fll.7p holds for i = (see for 
instance Melrose [I9j, Shibata - Tsutsumi [26]). Even if O is trapping, 
it may be admissible in some cases. In fact, (11.70 for i = 5 was obtained 
by Ikawa [6], provided that O is a union of disjoint compact sets Oi 
and O2 whose Gaussian curvatures are strictly positive at every point 
of their boundaries (see also Ikawa ^). 

Now we are in a position to state our main result. 

Theorem 1.2. Suppose that O is admissible and that {(f), ip) satisfies 
the compatibility condition to infinite order for the problem f ll.ll) -( TT73l) . 
If F satisfies the null condition associated with {ci,C2, ■ ■ ■ ,cn), then 
there exists a positive constant Eq such that for all e G (0, Sq) the mixed 
problem f ll.ll) -( [T73|) admits a unique solution u G C°°([0, 00) x VL\ R^) 
satisfying (11.51) and (II. 6p . 

As we have mentioned in the above, the existence part of the Theo- 
rem 11.21 is already known in ^22j (though the decay property obtained 
in [22] is different from ours), and our aim here is to give a simplified 
proof for it. 

This paper is organized as follows. In the next section we collect 
notation. In the section 3 we give some preliminaries needed later on. 
The section 4 is devoted to establish pointwise decay estimates. Making 
use of the estimates from the section 4, we give a proof of Theorem 11.21 
in the section 5. 



2. Notation 
Let c > 0. We shall consider the mixed problem: 

(2.1) (9,2 - c^A)^; = /, (^,x)G(o,^)x^], 

(2.2) v{t, x) = 0, (t, x) G (0, T) X dn, 

(2.3) v{0,x) = vo{x), {dtv){0,x) = vi{x), x G fi. 

Here Vo, Vi G Co°°(n;R) and / G C°°([0,T) x n;R). We say that 
{vo,Vi,f) satisfies the compatibility condition to infinite order for the 
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problem f l2.ip -( l273l) if Vj = on dVt for any non-negative integer j, 
where we have set 

(2.4) Vj{x)=c^/\vj^2{x) + {di'^f){'^,x) for x eTl and j > 2. 

Let us put vq := (fo, f i) and we denote by K[vq] c](t, x) the solution of 
the problem ([2ll])-([231) with / = 0. While, we denote by L[/;c](t,x) 
the solution of the problem fl2.1l) - fl2.3p with {Jo = 0. 

In a similar fashion, putting wq := {wq,Wi) G C°°(R^;R^), we de- 
note by KQ[wQ]c\{t,x) and LQ[g]c\{t,x) the solution of the following 
Cauchy problem with = and = 0, respectively: 

(2.5) {d^ - c'A)w = g, {t, x) G (0, T) x R^, 

(2.6) w{0,x) = wo{x), {dtw){0,x) =wi{x), xeK^. 

Next we introduce vector fields : 
do = dt, dj (j = 1, 2, 3), ilij = Xidj - xjdi (1 < i < j < 3), 
and we denote them by Zj (j = 0, 1, . . . , 6), respectively. Notice that 



where we put [A, B] := AB - BA. Denoting = Z^^ ■ ■ ■ Z^" with 
a multi-index a = (cto, ai, . . . , ae), we set 

(2.8) \v>{t,x)\m= J2 \ZMt,x)\, Mt)\\^ = \\\^{t,-)\m:L\Q)\\ 



for a real or R^-valued smooth function (f{t,x) and a non-negative 
integer m. 

For z/, K G R, c > and Cj > [1 < j < N), we define 



(2.7) 



c^A] =0 (i = 0, 1, . . . 



6), 



(2.9) 




(2.10) 




(2.11) 




mm 

■0<j<N;Cj^c 





(2.12) 



g{t):Mk{z)\\ 



sup z{s,x) \g{s,x)\k 

(s,x)G[0,t]xR3 
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for t G [0, T), a non-negative integer k and any non-negative function 
z{s,x). Similarly we put 

(2.13) ||/(t):iV,(^)|| = sup {\x\) zis,x)\f{s,x)\k. 

{s,x)e[0,t]xQ 

We also define 

(2.14) 5m[0,V^]= sup {\y\r{\<P{y)\k + \V,<j){y)\k + my)\k) 

for p > 0, a non-negative integer k and (0,'?/') G (C^(R'^))^. 

For a > 1, let V'a be a smooth radially symmetric function on 
satisfying 

(2.15) ^a{x) =0 {\x\ < a), ^a{x) = 1 {\x\>a + l). 
For r > 0, we set 

rir = ^]nB,(o), 

where Br{x) stands for an open ball of radius r centered at x G R^. 

3. Preliminaries 

First we introduce the local energy decay estimate (13. ip which works 
well in getting pointwise estimates for solutions of our mixed prob- 
lem. We also need the elliptic estimate given in Lemma 13.21 For the 
completeness, we shall show them in the appendix. 

As we have stated in the introduction, we always assume O C -Bi(O). 

Lemma 3.1. Let O he admissible, and i be the constant appeared 
in (11. 7p . Suppose that {vq, f) satisfies the compatibility condition to 
infinite order for the mixed problem (12. II) - (12.31) and 

SUppVj C Via {i = 0, 1), SUppf{t, ■) C fia (t > 0) 

for some a > 1. Let v be the smooth solution of the mixed problem. 
Then for any 7 > 0, 6 > 1 and integer m, there exists a positive 
constant C = C{'-f, a, b, c, m, Q) such that for t G [0, T), 

E \\dtAt)-.L\^i,)\\<C{l + t)-'^Uv,-.H-^\^^ 

|«|<m 
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Lemma 3.2. Letip G H'^{VL)f\Hl{yL) for some integer m{> 2). Then 
we have 

(3.2) : L\n)\\ < C{\\Aip:L\n)\\ + \\V if : L\n)\\) 
for \a\ = m. 

Next we introduce a couple of known estimates for the Cauchy prob- 
lem. The first one is the decay estimate of solutions to the homogeneous 
wave equation, due to Asakura |1, Proposition 1.1] (observe that the 
general case can be reduced to the case m = 0, thanks to (12.71) ). Recall 
that ^iy(t,x) is the function defined by (12.91) . 

Lemma 3.3. Let c > 0. For wq G {C^{Y{?)f, p > and a non- 
negative integer m, there exists a positive constant C = C{p,m,c) such 
that 

(3.3) {t+\x\)<l>^^^{ct,x)\Ko[wo-c\{t,x)\^ < C5^+i,^[wo] 
for {t,x) G [0,oo) X R3. 

The second one is the decay estimate for the inhomogeneous wave 
equation. 

Lemma 3.4. Let c > 0, p > 0, and k be a non-negative integer. If 
V = p and n > 1, or alternatively if u = p + p and k, = 1 — p with some 
p G (0,1), then there exists a positive constant C = C{v, n,k,c) such 
that 

(3.4) {t+\x\)^p^,{ct,x)\L^[g-c]{t,x)\k < C\\g{t):Mk{W,^.)\\ 
for {t,x) G [0,T) X R3. 

Proof. The desired estimate for k = was shown in Theorem 3.4 of 
Kubota - Yokoyama [TT] (see also Lemmas 3.2 and 8.1 in Katayama - 
Yokoyama [TT], and Lemma 2.2 in the authors pjjj). 
Let I a; I < k. Then it follows from (12. 7p that 

(3.5) Z'^Lolg; c] = LolZ'^g; c] + Ko[{(j)a, ^a); c], 

where we put (p^ix) = {Z°'Lo[g;c]){0,x), V^a(x) = {dtZ°'Lo[g;c]){0,x). 
From the equation (12. 5p we get 

0,(x)= J2 CpiZ^g){0,x), Mx)= E C'^iZ^g){0,x) 

\f3\<\a\~2 \l3\<\a\-l 

with suitable constants and (cf. (12.41) ). Therefore, by virtue of 
Lemma [3.31 it is enough to show 

{t + \x\) <^p.,ict,x)\Lo[Z''g;c\{t,x)\ < C\\g{t):Mk{W,,,)\\ 
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for {t,x) G [0,T) X R'^. But this inequality immediately follows from 
f l3.4p for k = 0. Thus we finish the proof. □ 

The third one is the decay estimate of derivatives of solutions to the 
inhomogeneous wave equation. 

Lemma 3.5. Let c > 0, and k be a non-negative integer. 

If p = u > 1 and n > 1, or alternatively if < p < 1, u = 1 + fi and 
K = p — p, with some fi G (0,p), then there exists a positive constant 
C = C{c, u, K, k) such that 

(3.6) {\x\){ct-\x\y\dLo[g;c]{t,x)\k < C\\g{t):Mk+i{W,,^)\\ 

for {t,x) G [0,T) X R3. 

On the other hand, if p > and k, > 1, then we have 

(3.7) {\x\){ct-\x\r\dLo[g;c]it,x)\k < C||(7(t) :il/4+i(W^W)|| 
for {t,x) G [0,T) X R3. 

Proof. In view of Lemma 3.2 in , Lemma 8.2 and the proof of Lemma 
3.2 in [llj, we find that for < a < 3, 

(3.8) {ct-\x\y\Lo[dag;c]{t,x)\ < C\\g{t):Mi{W,,^)\\ 

when p = u > 1 and /t > 1, or when 0<p<l,z/ = l + /i, and 
K = p — p, with some /i G (0, p), while 

(3.9) {\x\){ct-\x\r\Lo[dag;c]{t,x)\<C\\g{t):M,{Wl^l)\l 

if p > and k > 1 (see also [lOj). 

Since daLo[g; c] = Lo[dag; c] + SaoKo[{0, giO, ■)); c] for < a < 3 with 
the Kronecker delta 6ab, O and dSH]) follow from ([SSD, dSS]), (M, 
and Lemma [3. 3[ This completes the proof. □ 

In order to associate these decay estimates with the energy estimate, 
we use a variant of the Sobolev type inequality due to Klainerman, 
whose proof will be given in the appendix. 

Lemma 3.6. Let ip G Cq{Q). Then we have 

(3.10) sup {\x\) \ipix)\ <CJ2 II^V:^'(fi)l|, 

|a|<2 

where Z = ^2, Sg, ilia, ^23, ^is}- 

Finally, we recall the estimates of the null forms from [10]. The null 
forms Qo and Qab are defined by 

(3.11) Qoiv,w;c) =idtv)idtw)-c'{V,v) ■ (V^w), 

(3.12) Qabiv, W) ={daV){dbW) - {dbV){daW) {0 < O < b < 3) 
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for a positive constant c, and real valued-functions v = v(t,x) and 
w = w{t,x). They are closely related to the null condition. 

Lemma 3.7. Let c be a positive number and u = {ui, . . . , un). Suppose 
that Q is one of the null forms. Then, for a non-negative integer k, 
there exists a positive constant C = C(c, k) such that 

\Q{uj,uu)\k < C{\du\yk/2] J2 \D+,cZ''u\ + \du\k \D+,cZ'"u\ 

\a\<k |a|<[fc/2] 
+ ^{\^'^\[k/2\\u\k+l + \u\^k/2\+l\du\k)], 

where we put D^ c = dt + cdr with rdr = x - Vx and r = \x\. 

4. Basic estimates 

The aim of this section is to establish pointwise decay estimates for 
the mixed problem, which are deduced from corresponding estimates 
for the Cauchy problem in combination with the local energy decay. 
Theorem 14.21 is the result for the homogeneous wave equation, while 
Theorem 14.31 is for the inhomogeneous wave equation. In order to 
handle the null forms, we also need some estimates, which will be given 
in Theorem l4.4[ of a tangential derivative to the light cone t = |x| which 
is denoted by D^c = dt + cdr- To prove these theorems we use 

Lemma 4.1. Let O be admissible, and i be the constant in (11. 7p . 
Suppose that Xj ^ j ^ 3) are smooth radially symmetric functions 
on satisfying 

suppxi C Sb(0), suppx2,suppx3 ^ BaiO), X2 = X3 = on Bi{0) 

with some a{> 1) and b{> 1). Let c > 0, u > 0, k, > 0, and kq > 0, 
while m is a non-negative integer. Then there exists a positive constant 
C such that 

(4.1) {ty\xiL[x29;c]{t,x)\m < C\\x29{t):M^+,+^{W,,^)l 

(4.2) \\xiL[x29;c]{t):MUW,,J\\ < C\\x29{t):M^+e+i{W,,.)l 

(4.3) \\x2Lo[x39-,c]:MUW,,.,)\\<C\\9{t):Nrn{W,,.)\\, 

(4.4) \\x2Ko[vo;c]:MUW,,^)\\ < CB,+,,^[vo], 

(4.5) {tr\xiK[x2Vo;c]it,x)U < C||i;o://"+^+^(fi) x H^+'^\n)\\, 

(4.6) \\xiK[x2Vo;c]{t):MUW,,.)\\ 

for any 9 G C°°([0, T) x fi), and Vq G C^iU). 
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Proof. First we note that we have 

(4.7) \{Xih){t,x)\m <CJ2 \dUxih){t,x)\ 

|/3|<m 

for any smooth function h on [0, T) x Q, since supp Xi C -Bfe(O). We 
also note that, if b > 0, u > 0, and k > 0, then {\x\)W^^K{t,x), 
{t + |x|)$i,_i(ct, x), and (t)'^ are equivalent to each other for (t,x) G 
[0, oo) X Bb{0) (observe that we have W^^^{ct,x) < C{t + 
By (14. 7p . the Sobolev inequality and ( I3.ip with 7 = z/, we obtain 

{tY\XiL[x2g:c]{t,x)\m<C{tY J2 \\d^L[x29;c]{t):L\Q,)\\ 

\l3\<m+2 

<Csnp{sr Yl \\d^X2g)is):L'm 

\f3\<m+e+l 

<C\\ix29m:M„,+e+iiW,,.)l 

which is fHTTj) . 

From (14.11) . we find 

\\XiL[X29;c]{t):MmiW^,^,,)\\ <C sup (s)''|xilv[x2fl'; c](s, x)|„ 

(s,x)e[0,t]xR^ 

<C||x2^?(t):M„+,+i(H^,,«)||. 

On the other hand, by (13. 4p . we obtain 

\\X2Lo[X3g;c]{t):Mrn{W,,J\\ 

<C sup (s + |x|)$i,^i(cs,a;)|Lo[x3fi'; c](s,x)|m 

(s,x)e[0,t]xR3 

<C\\ ixsg) (t) : M^(W^,,2) II < C^ll iXsg) (t) : MUW,,^) \\ . 

Similarly to the proof of (14.31) . (13. 3p immediately implies (14. 4p . From 
(14. 7p . the Sobolev inequality and (13. ip we find 

{tr\xiK[x2Vo;c]{t,x)U<C{tr Yl \\d^K[x2Vo;c]{t):L\Q,)\\ 

|/3|<m+2 

<C||x2^o:^"+^+'(^) X if™+^+i(fi)||, 

which leads to (14. 5p . Finally, (14. 6 p immediately follows from (14. 5 p in 
view of the equivalence of {\x\)Wu,K(t,x) and (t)'^ in [0, 00) x 5^(0). 
This completes the proof. □ 

Theorem 4.2. Let O be admissible, i be the constant in (11.70 . andc > 
0. Suppose that Vq G (C^(f2))^ and {vq,0) satisfies the compatibility 
condition to infinite order for the mixed problem (12.10 - 02.30 . If p > 1 
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and k is a non-negative integer, then there exists a constant C > 
such that 

(4.8) \K[vo;c]it,x)\k < C{t + \x\)~' {ct - \x\)-^'-'^ Bp+^^.+e+slM 
for {t, x) G [0, oo) X Q. 

Proof. First of all, we recall the following representation formula based 
on the cut-off method developed by Shibata [25j, and also by Shibata - 
Tsutsumi [27] where U'-L'^ time decay estimates for the mixed problem 
was obtained (see also [11]) : 

4 

(4.9) K[vQ;c]{t,x) = ^i{x)KQ[^2Vo]c]{t,x) + ^Ki[vQ]{t,x), 

i=l 

for (t, x) G [0, T) X n. Here ipa is defined by (12.151) and we have set 

(4.10) Ki[vo\{t,x) = (l-^2(x))L[[7/;i,-c2A]i^o[V^2^/o;c];c](t,x), 

(4.11) K2[v^]{t,x) 

= -Lo [ [^2, -c^A]L[ [V^i, -c''A]Koyj2Vo; c]; c] ; c] (t, x), 

(4.12) Ks[vo]it,x) = {1 - Mx))K[il - ^2)vo;c\{t,x), 

(4.13) K^vo] (t, x) = -Lo [ [^3, -c^A]K[{l - ij2)vo; c];c] (t, x). 

It is easy to see from (13. 3p for p > 1 that the first term on the right- 
hand side of (14.91) has the desired bound. Hence our task is to show 
dUD with K[vo; c] replaced by Ki[vo] (1 < i < 4). 

It is easy to check that 

[ipa, -A]u{t, X) =u(t, x)Atpa{x) + u(t, x) ■ V^. Ipaix) 

3 

=2 ^ dj {u{x)dji)aix)) - u{x)Aipaix) 
i=i 

and 

J2\\Z''[i^a,-A]uit):L\n)\\<C Yl \\dMt):L'ina+,)\\ 

|Q|<m |a|<m+l 

for t G [0,T), X & Q, a > 1 and any smooth function u. Therefore, by 
flO) and flO|) with z/ = p, we get 

\K,[vo]{t,x)\k < C(t)-^5^+i,fe+,+2N], 

which leads to (14. 8 p with K replaced by Ki, because suppi^i['yo](t, ■) C 
Ih. On the other hand, (lO) . (l42l) . and ( l44l) with u = p imply 

\K2[vo]{t,x)\k < C(t + |x|)-i(ct- |x|)-(^-i)5p+i,,+,+3[tTo]. 
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The bound for Ks[vo](t,x) can be easily obtained by M.Sp . Finally, 
(13.41) and (14. 6p imply the estimate for K4[vQ]{t,x). This completes the 
proof. □ 

Theorem 4.3. Let O he admissible, I he the constant in f ll.7p . and 

c > 0. Suppose that f e C°°([0,T) x Vi) and (0,0,/) satisfies the 
compatibility condition to infinite order for the mixed problem (12. ip - 

(ED. 

(i) Let p > 0. If u = p and k, > 1, or alternatively if u = p + p and 
K, = 1 — p with some p G (0, 1), then there exists a constant C > such 
that 

(4.14) {t+\x\)<i>,^^{ct,x)\L[f;c]{t,x)\k<C\\f{t):Nk{W,,,)\\ 

+ C||/(t):iVfc+,+3(W^p,o)|| 
<C||/(t):iV,+,+3(W^.,.)|| 

for {t,x) e [0,T) X Q. 

(ii) If u = p > 1 and n > 1, or alternatively ifQ<p<\,u = l + p 
and K = p — p with some p G (0, p), then we have 

(4.15) {\x\){ct-\x\y\dL[f-c]{t,x)\k < C\\f{t):Nk+^+,{W,,.)\\ 
for (t,x) e[0,T) xQ. 

(iii) If p > and k> 1, then we have 

(4.16) (|x|)(ct-|x|)19L[/;c](t,x)U<C'||/(t):iV,+,+4(W^i5)ll 
for {t,x) G [0,T) X n. 

Proof. Note that L[f;c\ has the similar expression to (14. 9 p : 

4 

(4.17) L[f;c\{t,x)=Mx)LoM;c]{t,x) + J2Hm,^) 

1=1 

for all {t,x) G [0,r) x where 

(4.18) Li[/](t, x) = (1 - ^2(x))L [ [7^1, -c2A]Lo[V^2/; c]; c] (t, x), 

(4.19) L,[f]{t,x) 

= -Lo [ [^2, -c^A]L [ l^i, -c^A]Lo[^2f; c]; c] ; c] (t, x), 

(4.20) L3[/](t,x) = {l-^,{x))L[{l-ij2)f;c]{t,x), 

(4.21) L4[/](t, x) = -Lo [ [^3, -c2A]L[(1 - ^2)/; c]; c] (t, x). 

The first term on the right-hand side of (I4.17P can be easily treated by 
Lemmas 13.41 and 13. 5[ 

Let p > and k, > 0. By (14. ID and (14. 3p with z/ = p, we obtain 

(4.22) {tr\L,[f]it,x)\k < C\\fit):N,+,+2iW,,,)\\ 
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for 2 = 1, 3. It is easy to see that {t+ |x|)$p_i(ct, x) and {\x\){ct—\x\)'' 
are equivalent to {t)P for (t,x) G [0, oo) x -64(0). Therefore, since 
supp Li[f](t, x) C -84(0) for i = 1,3, (14.221) imphes the desired estimates 
for Li[f] and L^lf], corresponding to fl4.14p . (14.151) and (I4.16P (note 

that we also have Wp^,^ < Wu^^ < Wy^l for v > p). 
On the other hand, by (14. 2 p and (14.30 . we obtain 

(4.23) \\UMf]it)-Mm{W,^.M <C\\f{t):N^u+:,{W,^^)\\ 

<C\\f{t):Nrn+,+,{Wii)\\ (^ = 2,4) 

for any z/ > 0, kq, k > 0, and m > 0, where Dc = df — c^A. Hence 
Lemmas 13.41 and 13.51 imply the desired estimates for L2[f] and L/i[f]. 
This completes the proof. □ 

Theorem 4.4. Let the assumptions in Theorem 14.31 he fulfilled, and 
1 < p < 2. 

U ^ = P (^iT-d n > 1, or alternatively if u = p + fi, n = 1 — fi with 
some fi G (0,1), then there exists a positive constant C = C{v,n,c) 
such that 

(4.24) (|a;|)(t+|x|)(ct-|x|r^ \D+,cZ^L[f-c]{t,x)\ 

\a\<k 

< Clog(2 + t+\x\) \\f{t):Nk+t+^{W,^.)\\. 
If u > p + 1, we have 

(4.25) (|x|)(t+|x|)(ct-|x|)''-^ \D+,cZ''K[vo;c]{t,x)\ 

\a\<k 

for {t,x) G [0,T) X fi. 

Proof. We consider only (I4.24p . because (14.251) can be shown less hard 
by using (14.81) . When |x| < 1, (14.241) follows from (14.141) immediately. 
While, if \x\ > 1, then we can proceed as in the proof of Theorem 1.2 
in [To], because O C -Bi(O). Here we only give an outline of the proof. 
Setting U(t, r, u) = rL[f; c](t, ru) for r > 1 and u G 5*^, we have 

(4.26) D_,,D+,,Uit,r,uj)=rfit,rLu) + j ^ n%L[f;c]{t,ruj), 

i<i<fe<3 

where D_ c = dt — cdr- Let to > 0, > 1 and cuq G S"^. Applying (14.141) 
to estimate the second term on the right-hand side of (14.261) in terms of 
\\f{t):N^^5{Wy^^)\\, and then integrating the obtained inequality along 
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the ray {{t, (ro + c(to — t)uJo)', < t < to} (note that this ray hes in Q), 
we obtain 

(4.27) \D+,Mito,ro,iUo)\ 

<C{to + ro)-' log(2 + to + ro)||/(to) :iV^+5(H^.,K)||• 
Since rD+^cL[f;c\{t,ru) = D+^JJ{t,r,uj) - cL[f]c]{t,ru), (lOTD and 
fl4.14p imply fl4.24p for /c = 0. It is easy to obtain (I4.24p for general k. 
This completes the proof. □ 

5. Proof of Theorem 1.2 

In this section we prove Theorem II. 2[ We assume O d Bi (0) as 
before. Let all the assumptions of Theorem 11.21 be fulfilled. 

Though there is no essential difficulty in treating the general case 0, 
we concentrate on the semilinear case to keep our exposition simple. 
Hence we assume F = F{u, du) in what follows. 

From the null condition associated with (ci, C2, . . . , cat), we see that 
the quadratic part F- of Fi is independent of u, and can be written 
as 

(5.1) F'>^\du) = Fr'\du) + Ri,{du) + Rii,{du), 

where 



l<j,k<N \ 0<a<b<3 



Cj=Cfc=C 



Ri,ii9u) = ^ ^ Cf'''\daUj){dbUk), 



l<j,k<N0<a,b<3 



l<j,k<N 0<a,b<3 

Cj — C}^^C{ 

with suitable constants Aj'^, Bl^'"'^ , (jjk,ab jjjk,ab ^ 

Hiiu, du) = Fi{u, du) - F^idu) 

for i = 1, 2, . . . , A^, so that Hi{u, du) = 0{\u\^ + \du\^) near (m, du) 
(0,0). 



^ In fact, to treat the general case, we only have to replace the energy inequality 
for the wave equation in Subsections 15.11 15.21 and 15.41 below with that for systems 
of perturbed wave equations which is also standard (remember that the symmetry 
conditions (|1.4p are assumed). Such replacement is not needed for pointwise decay 
estimates, because loss of derivatives is allowed there. 
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Let u = {ui,U2, ■ ■ ■ ,un) be a smooth solution to f ll.ip -( |T73l) on 
[0, T) X n. We set 

ek,i[ui\{t,x) ={t+ \x\) ^o{cit,x)\ui{t,x)\k+i + {\x\) {cit - \x\) \dui{t,x)\k 
log(2 + t+ |x|) 



|a|<fc-l 

for 1 < i < A^. We also set ek[u](t) = X^ili ^k,i[ui](t,x). 
We fix A; > 6£ + 30, and assume that 

(5.2) sup \\ek[u]{t):L°^{n)\\ < Me 

0<t<T 

holds for some large M(> 1) and small e{> 0), satisfying Me < 1. 
Since the local existence for the mixed problem has been shown by 
[27] . what we need for the proof of the global existence result is a 
suitable a priori estimate. We will prove that (15.21) implies 

(5.3) sup \\ek[u]{t):L°°{n)\\ <Ce + CM^e\ 

0<t<T 

From (15.31) we find that (15. 2p with M replaced by M/2 is true for suf- 
ficiently large M and sufficiently small e, and the standard continuity 
argument implies that [u] (t) stays bounded as long as the solution u 
exists. Theorem 11.21 follows immediately from this a priori bound. 
To this end, the following energy estimate is crucial : 

(5.4) \\duit)\\2k^e-s < CMeil + tf for t G [0,T), 

where C, and p^^ are positive constants independent of M and e. 
Moreover p^, can be chosen arbitrarily small. In fact, once we find (15. 4p . 
we can proceed as in the case of the corresponding Cauchy problem. 
While, unlike the case of the Cauchy problem, it is not so simple to get 
(15.40 . because of boundary terms coming from the integration-by-parts 
argument which may cause some loss of derivatives. For this reason, we 
estimate the space-time gradient and generalized derivatives separately 
and improve the estimate of the latter by using the local energy decay. 
In the following, we set r = We define 

W-(t,r) = min (cd — r) , w^^\t,r) = min (cd — r) 

for c > 0, with cq = 0. Note that, for < j,k < N, cj ^ Ck implies 
{cjt — r)'^^ {ckt — r)~^ < C (t + r)^^ min{(cjt — r) , (c^t — r)}^^. 
Notice also that, for any /i > and c > 0, we have 

<l>o(ct, x)-^ <C{t + ry {ct -r)-^, 
where C is a positive constant depending only on /i and c. 
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In the arguments below, we always suppose that M is large enough, 
while e is small enough to satisfy Me <K 1. 

5.1. Estimates of the energy. First we evaluate the energy involved 
by time derivatives. From fl5.2p we get 

2k 

|af F(2)(5M)(t,x)| < CMe (t)-' \drdu{t,x)\, 

m=0 

and 

\d^''H{u,du){t,x)\ 

k 2k 

<c\u{t,x)\'+cY, E \drd:,Mt^x)\'Y.\drdu{t,x)\ 

m=0 \a\<l m=0 

< CM^e^ {t + ry^+^f" w-{t, r^^^" 

2k 

+ CMh^ {t + r)-'+'^ w.{t, r)-2M ^ \drdu{t, x) \ 

with small /i > 0. Since we have 

II (t + I ■ 1)-'+'^ (c,t - I ■ |)-^^:L2(R3)|| < C, (t)-'/' 

for /i > and < j < A^, if we set y{t) = Y.'i^^o \\drMt) ■ ^^(^)ll, 
then we get 

liaf du){t) : L^{n) II < CoMe{l + t)-'y{t) + CM^e^l + 

where Cq is a universal constant which is independent of M and e. 
Noting that the boundary condition (11. 2p implies dlu(t,x) = for 
{t,x) G [0,T) X dQ and < j < 2A; + 1, we see from the energy 
inequality for the wave equation that 

^(t) < CoMeil + ty'y{t) + CMh\l + t)''/^, 
which yields 

(5.5) y{t) < {y{0) + CM^e''){l + tf'^^'' < CMe{l + tf°^''. 
Next we prove that for < j + m <2k 

(5.6) \\dlV^u{t):H'^{n)\\ < CMeil+tf''^^ 

Since (15. 6 p for m = follows from (15.50 . it suffices to consider the case 
m > 1. Then ([S2D yields 

wd>vMt)--L\m<c{\\^diu{t):H^-\m + \\'^^di^^^ 
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for |a| = m. Since < j < 2A; — 1, we see from (15.61) for m = that 
the second term is evaluated by CMe{l +t)'-'°^'^^. While, using (II. ip . 
the first term is estimated by 

Cm-'Mt)--H'^~\m + \\diF{u,du){t):H"^~\n)\\). 

If we set Zj^rnit) = J2i=o \\'^t9u{t) :/7™(r2)||, then we have 

\\d{F{u,du){t):H"'-\Q)\\ < CM£(l+^)-^2J•„_l(^)+CMV(l+^)-3/^ 

as before. In conclusion, we get, for |a| = m, 

\\d''d{V^u{t):L\Q)\\ < Czj+i,„^^i{t) + CMe{l + tf°^' . 

Since (ESI) yields Zjfl{t) < CMe{l + 1)^«*^^ for < j < 2k, we find 
from the inductive argument in m(> 1) that Zj^rn{t) < CMe{l + t)'-'°^'^ 
for < J ' + m < 2k. In particular, we obtain (15.61) . 

5.2. Estimates of the generalized energy, part 1. In this subsec- 
tion we evaluate the generalized derivatives dZ"'u in L'^{Q) for \a\ < 
2k -1. Fix small /xq > 0. It follows from (12171) that 

(5.7) {\dtZ^u,\^ + I V. Z^u,\^) dx 

= [ Z"Fi{u,du)dtZ"uidx + c^i I ■ Z^m) (dtZ'^Ui) dS, 
Jn Jan 

where u = i>{x) is the unit outer normal vector at x G dQ and dS is the 
surface measure on dQ. Observing that \Zv\ < C (r) \dv\, we obtain 

(5.8) \\Z'^F{u,du){t):L^{n)\\ <C Me{l + ty^\\du{t)\\\^\ 

+ CMV(l + t)-^+^^°||9«(t)||H_i 
+ CMV(l + t)-^/2 

for |a| < 2A; - 1 (cf. (ISTTSD below). 

While, since dn C 5i(0), we have \Z'^u{t,x)\ < C^|^|<|^| \dl^u{t,x)\ 
for {t, x) G [0, T) X dVL. Hence, by the trace theorem, we see that the 
second term of (15. 7p is evaluated by C Z]|/3|<|a|+i \\d'^ du{t) : L"^ {VL2)\\'^ . 

Noting that (15.50 and (15.60 imply 

(5.9) \\d^du{t):L^{Sl)\\ < CMeil + tf''^' for < 2k, 
we find from (I5.7p and (15.80 that we have 

j^\\duml<CiMe{l + tr'\\duml 

+ CMh\l + t)-i+4/^o \\du{t) + CM^e^{l + t)2^o*^^ 
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for m < 2k — 1, from which we inductively obtain 

(5.10) \\du{t)\lm < CMe{l + tfoMe+2Mn^-l)+{im 

for m < 2k — 1, provided that e is so small that CiMe < 1. Setting 
7 = 4(A; — l)/io, we obtain 

(5.11) \\du{t)\\2k^, < CMe{l + tf^^''+"'+^^/^\ 

5.3. Pointwise estimates, part 1. By (13.101) and (15.111) we have 

(5.12) (|a;|) \du{t,x)\2k-3 < C\\du{t)hk-i < CMe{l + tf'^'''+''+^'/'\ 
From (15.21) we get 

(5.13) \F{u,du){t,x)\m <CM€ {t + r)-^ w^{t,r)-^\du{t,x)\m 

+ CMh^ {t + r)-'+''^ w_{t, r)~-^^\u{t, x)\^ 
for m <2k with small /z > 0. We put 

N 

(5.14) Um,xit) = sup y2i^+\^\)'^~^^o{CiS,x)\Ui{s,x)\m 

{s,x)e[o,t]xn ^^-^ 
for A > 0. Then fICTD yields 

(5.15) \F{u, du){t, x)\m <CMe {t + r)~^ «;_(t, r)-^\du{t, x)\m 

+ CMh^ {t + r)^-'+'^ w^t, r)-'mm,xit) 

for m < 2k. On the other hand, using \u(t,x)\m < {\x\) \du{t,x)\m-i 
for m > 1, and \ui{t,x)\ < Me {t + r)~^^^ (cjt — r)^^, from (I5.13P we 
also obtain 

(5.16) \F{u, du){t, x)\m <CMe {t + ry^+^'' w^t, ry^^'lduit, x)\m 

+ CM'^e^ {t + r)-^^"^" w.{t, r)-=^'^. 

Let X be a non-negative C°°(R)-function satisfying x(A) = 1 for 
A < 1, and x(A) = for A > 2. We define 

(5.17) Xc,to,xo{t,x) = x(c{t - to) + a/1 + |x - xop) 

for c > and (to, a^o) ^ ^- Then, because of the the finite speed of 
propagation, we have 

(5.18) L[g;c]{to,Xo) = L[xc,to,xo9; c\{to, xq). 
We also have 

(5.19) {t + \x\) < C {to + \xo\) 

for any (t,x) G supp Xc.to.i^o with t > 0, and any (to,Xo) G [0, oo) x Q, 
where C is a constant depending only on c. 
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Now we set A = CqMe + 27 + (1/2). Using (l512ll and (l5J5ll with 
m = 2A; — £ — 6 and yU = (1 — 7)/3, we find 

||Xc„io,xo^i(^i, <9w)(to) : A^2fc-^-6(W^l+7,l-7)ll 

< CM^e\l + f/2fc-^-6,A(to)) (to + kol)^ . 

On the other hand, by (15.121) and (I5.16P with m = 2A; — 3 and /x = 7/2, 
we obtain 

||Xc.,to,xo^.K^«)(to):iV2fc-3(W^i,o)|| <CMV {h + \x,\)\ 

since we may assume 2 — (87/2) > 1. 

In view of (15.191) . by using (14. 8 p and the first inequahty in (14.141) 
with (p, I/, k) = (1, 1 + 7, 1 — 7), we obtain 

U2k-e-6At) <Ce + CM^e\l + f/2fc_^-6,A(t)) 
with A = CqMe + 27 + (1/2), which leads to 

N 

(5.20) |x|)(^/')-^°*-'^-'^$o(Qt,x)|w,(t,x)|2;^-^-6 < CMS 



1=1 



for {t,x) e [0,T) X f2, since we may assume CM e < 1/2. 

5.4. Estimates of the generalized energy, part 2. Since $0(^^52;) 
is bounded for (t,x) G [0, 00) x ^2, from (I5.20p we get 

(5.21) II \u{t)\2k-e-6 : ^'(^^2) || <C|| \u{t)\2k^e-6 : L°^{^2) \\ 

<CMe (t)-(i/2)+a,Me+27^ 

instead of ([53]) • Now ([EZD. O and fICTD yield 

|l|5^WII^<C2Me(l + t)-i||a^(t)||^ 

+ CMV(l + t)-i+^^«||au(t)||^„i 

+ CMV(l+t)-l+^^+2CoMe^ 

for m < 2k-i-8, which inductively leads to fl5^ with = C0 + C2/2 
and = 47. 

5.5. Pointwise estimates, part 2. (I3.10p and (15. 4p imply 

(5.22) (|x|) \duit,x)\2k-e-io < CMeil + 

for < £ < p^liC^M), where we have set 5 = 2p*. Note that we can 
take arbitrarily small, hence we may assume that 6 is small enough 
in the following. 
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Using (Km and (15J[5|1 with m = 2k - 2i - 13, and = (1 - S)/3, 
we find 

(1^1+5,1-5)11 

-2^-13,25(^0)) (^0 + l^^ol) • 

On the other hand, by fl5.22p and fl5.16p with m = 2k — £ — 10 and 
/i = 6/3, we obtain 

\\Xcao,xoF^{u,^u){to)■.N2k-i-lo{W^^o)\\ < CMh^ 

since we may assume 2—5 > 1. Now, similarly to fl5.20p . these estimates 
end up with 

AT 

(5.23) |x|)'-''<l>o(c,t,x)|M,(t,x)|2fc-2£-13 <CM£ 
i=l 

for {t, x) G [0, T) X Q. 

From (I535|) (with /i = (1 + (5)/3), (l5:22|) and ([ESI, we get 

(5.24) II 

Xci,to,xo'^i{'^y 9u){to) • -^2fc-2^-13 (W^l+5,1+5)|| 

<CMV (to + kol)''. 
From gSD, (HTTSjl . fOD and fOSj) . we obtain 

(5.25) (r) (t + r)-"'' {at - r)'^' \du,{t, x)|2fc-3^-i7 < CMe, 

(5.26) (r)(t + r)^^''(cit-r)' ^ |D+,,^Z°M,(t, x)| < CMe 

|a|<2A;-3£-18 

for 1 < i < and (t, x) G [0, T) x Q, where we have used log(2+t+r) < 
C{t + r)'. 

5.6. Pointwise estimates, part 3. From now on, we take advantage 
of detailed structure of our nonlinearity. 

Note that r is equivalent to {t + r), when r > 1 and |cjt— r| < (cjt/2). 
By Lemma E21 with the help of ([F2D, (IS23D, dOSD, and we 
obtain 

(5.27) \Fr\du){t, x)|2,-3£-i8 < CMh' {t + r)-'^'' {c,t - r)-'-' 

for (t,x) satisfying r > 1 and |cjt — r| < (cjt/2). 

On the other hand, {cit — r) is equivalent to (t + r), when r < 1 or 
|cjt — r| > (cjt/2). Hence, observing that F™" is quadratic with respect 
to du, from (15.21) and (I5.25P we get 

(5.28) \Fr\du){t,x)U-3i-is < CMh^t + r)-'^''{r)-' 
for (t,x) satisfying r < 1 or |cjt — r| > (cjt/2). 
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Now we find 

(5.29) \\Fr\dum:N,k-3,-isiW,,.)\\ < CMh^ 

with some u > 1 and n > 1, since we may assume 2 — 56 > 1. 
and fl^:^ yield 

(5.30) \Ri,iidu){t,x)\2k-3e-i8 

< CMh^ (r)-' {t + rf^ {cjt - r)'' {ckt - r)-^'^ 

for {t,x) G [0, T) X Q with cq = 0. Since we may assume 2 — 45 > 1, 
we obtain 

(5.31) \\Ri,^{du){t):N2k-3e-is{W,,.)\\ < CMh^ 

with some u > 1 and k > 1. 
Similarly, we have 

(5.32) \RnAdu)it,x)\2k-3i-i8 < CM^s^ {r)-' {t + ry'^^' 
which yields 

(5.33) \\Rii,i{du){t):N2k -3^-18 

with some k > 1. 

From (I52D, (ESI and (15:251) we have 

(5.34) \Hi{u,du){t,x)\2k-3i-i8 

< CMh^ (t + r)-'+=^^+"'t/7_(t,r)-=^^ 
with small /i > 0, which implies 

(5.35) \\H,{u,du){t):N2k-3i-is{Wi+5,(i.u)-5)\\ < CMh\ 
Finally, fimj) . fl4:T5D and (14:241) lead to 

(5.36) e2k-Ai-22, [L[Fr'' + RiX, q]] (t, x) < CMh^ 

in view of (lOOD and (ICTD . On the other hand, (15:33]) and (14J6|) yield 

(5.37) (r) (Qt-r)^^^'' Q](t, x) |2,._«_22 < CMV, 
while (O^ and (OB with (p, z/, /«) = (1 -45, 1 + 5, (1 -45) -5) imply 

(5.38) (r) (Qt-r)^-''|9L[if,;Q](t,x)|2fc-4^-22 < C^MV. 
From (I536|) . (15:371) and ([E38]), together with (gl]), we obtain 

(5.39) (r) (Qt - r)'-'' \du,{t,x)\2k-u-22 < CMe. 
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5.7. Pointwise estimates, the final part. By (15. 2p and f l5.39p . we 
obtain 

(5.40) \Rii,i{9u){t,x)\2k-4e-22 
which leads to 

(5.41) \\Rii,,{du){t):N2k 

with some k> 1, since we may assume 2 — 46 > 1. Hence (14.141) . (14.161) 
and fHl2i|) imply 

(5.42) e2fc-5^-26,i 

(observe that we have 1^1,^ < W^i,^^). 
By (15.21) and (15.391) . we also obtain 

(5.43) \Hi{u,du){t,x)\2k-u-2& 

+ CMh^ {t + r)-^'''^w.it,r)~'^U2k-,i-2Ut) 

with small yU > 0, where Um,\ is given by (I5.14p . Since we may assume 
-1 + 4(5 < 0, we have 

(5.44) \mu,du){t):N2k-5i-26{Wi+,,i^,)\\ 

<CM\\Me + U2k-u-2,fl{t)) 
Prom (I5.34P we also have 

(5.45) m{u,du){t):N2k-,t-2z{Wi,o)\\ < CMh\ 
Now the first inequality in (I4.14p leads to 

(5.46) {t + r) <l>o(Qt, x)\L[Hi- a] {t, x)\2k-5E-26 

<CMh\Me + U2k^,i^26fl{t))- 
dOnD, dSai and dSani) imply 

U2k~5l-26,o{t) <C6 + CM'^e^l + U2k-5i-26,o), 

which yields 

(5.47) {t + r) ^o{cit, x)\ui{t, x)\2k-u^2G <Ce + CM^e", 

provided that e is sufficiently small. In view of (15.440 and (15.470 . we 
obtain 

\\Hi{u, du){t) : N2k-5i-26 
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Now (H15I1 and (S21 with (p, u, k) = (1, 1 + /i, 1 - p) imply 
(5.48) (r) (cjt - r) 

Finally, since 2k-6i-30> k, from ([E36]), fICTD . flCTjl . fICTD and 
fl5.49p . we obtain (15.31) . This completes the proof. □ 

5.8. Concluding remark. If we consider the single speed case Ci = 
C2 = ■ ■ ■ Cat = 1, we can replace ek[u](t) by 

ek[u]{t,x)={t+\x\){t~\x\y\u{t,x)\k+i + {\x\) {t-\x\y+P\du{t,x)\k 





\x\){t 




\x\r 


log(2 + 1 + 





\a\<k~l 

with some p G (1/2, 1) as in the Cauchy problem treated in [10], and 
we can show ||efc[M](t) : L°°(R^)|| < Me for < t < oo. The proof 
becomes much simpler because of the better decay of the solution. 

Appendix 

Proof of Lemma \3.B. We shall show (13.21) only for m = 2, because the 
general case can be obtained analogously by the inductive argument. 
Let X be a C^(R^) function such that x = 1 in a neighborhood of 
O. Let suppx C -B_r(0) for some R > 1. We set ipi = xf and 
V^2 = (1 - x)v, so that (f = ipi + ip2- 
First we prove, for |a| = 2, 

(A.l) \\d'^^,:L'm < Ci\\A^:L'm + \\V^:L'm)- 

Since ||a"M;:L2(R3)|| < C\\Aw: L'^(K^)\\ for |a| = 2 and w; G H^{R^), 
the left-hand side of flA.ip is estimated by 

C\\A^2:L\n)\\ < C{y:L\nn)\\ + \\V^:L\n)\\ + \\Av:L\n)\\). 

Thanks to the estimate 

(A.2) \\w:L\Qr)\\ <CR^Vw:L\Q)\\ 

for w G Hq{Q) (for the proof, see [IB]), we obtain flA.ip . 

Next we estimate (fi. We shall use the following well-known elliptic 
estimate (see Chapter 9 in [3] for instance): 

\\w:H'+\Qr)\\ < Ci\\Aw:H\Qn)\\ + \\w:L\Qn)\\) 

for w G H''~^'^{Qfi) n HqIQji) with a non-negative integer k. 
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Since supp x C Br{0), we have ipi G Hq{Qr). Therefore, the ap- 
phcation of the above estimate for /c = in combination with (IA.2p 
gives 

(A.3) yi:H\n)\\ < C{\\A^:L'm + \\V^:L\n)\\). 

Thus for m = 2 follows from flAll) and f[0|l . □ 

Proof of Lemma \3.1[ If is the smooth solution of the mixed problem 
(O-dijl), then it follows that 

&iv{t,x) = K{{v„v,+{)-c]{t,x)+ [ K[{0,dif{s)y,c]{t-s,x)ds 

Jo 

for any non-negative integer j and any {t, x) G [0, T) x Q, where Vj are 
given by (12.41) . By (11.71) we have, for |a| < 1, 

(A.4) \\d'^K[{v„v,+,y,c]it):L\n,)\\ 

< Cexp(-at) {\\v, : H'+\Q)\\ + \\vj+i : H\n)\\) 

< Cexp{-at) {\\vo : H'+^+\Q)\\ + \\vi : 

+ E ii(^.v)(o)^^'(^)ii) 

|a|<£+i-l 

and 

(A.5) r ||9"ir[(0, c](t - s) : L^(a)||(is 

^0 

<C [ exp{-a{t - s)) \\dif{s) : H'mds 
Jo 

<C(l + t)-^ sup(l + s)^||9^/(3):i/^(l])|| 

0<s<t 

for any 7 > 0. Therefore for |a| < 1 and any non-negative integer j, 
we have 

(A.6) \\d^d{v{t):L\n,)\\ < C{l+t)-m\vo:H'+^+\n) x H'+^{n)\\ 

In order to evaluate d°'v for \a\ < m, we have only to combine (1A.6I) 
with a variant of (13. 2p : 

(A.7) \\ip:H^in,)\\ < ciWAif-.H^^-'in,,)]] + y:H\n,,)\\), 

where 1 < 6 < 6' and if G H'^{Vt) nHl{Vt) with m > 2. This completes 
the proof. □ 
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Proof of Lemma \3.(k It is well-known that for w G Co(R'^) we have 
sup \x\\w{x)\ < C ^ \\Z''w:L^{B?)\\ 

^^^^ |a|<2 

(for the proof, see e.g. [I3j). Rewriting ip as ip = ipip + (1 — 'ipi)^ with 
ifji in fl2.15l) . we see that the left-hand side on fl3.10l) is evaluated by 

C sup |a;| I + C sup |(1 — ipi{x))ip{x)\ 

\a\<2 \a\<2 
l"l<2 

hence we obtain f l3.10p . This completes the proof. □ 
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